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ABSTRACT

CONTROL SYSTEM DESIGN FOR AN UNMANNED, UNTETHERED
UNDERWATER VEHICLE

by

JAMES HENRY GILLARD

Submitted to the Department of Ocean Engineering
on May 7, 1982 in partial fulfillment of the
requirements for the Degree of Ocean Engineer
and the Degree of Master of Science in Naval

Architecture and Marine Engineering.

ABSTRACT

A procedure for the control system design for a small
unmanned, untethered, underwater vehicle was specified. The
early phases of this design procedure were performed for the
vehicle. The linear equations of motion for small
perturbations about an equilibrium condition were developed,
and the values of the hydrodynamic coefficients were
determined. After the transfer functions were developed to
relate the vehicle motion in each of the six degrees of
freedom to small deflections of the rudder or stern planes,
computer programs were written to determine the poles and
zeros of the transfer functions. The vehicle's response in
the time domain to one degree deflections of the rudder and
stern planes was determined and plotted. The vehicle's
response indicated that the vehicle was stable and that the
size of the control surfaces could be reduced to minimize
drag while maintaining vehicle stability. The nonlinear
equations representing the vehicle's motion in six degrees
of freedom were incorporated into a computer model of the
vehicle. The outputs of this model ( linear and angular
velocities in six degrees of freedom ) are the state
variables which will be needed during later phases of the
control system design. modern control theory.

Thesis supervisor: Dr. Damon E. Cummings
Title: Visiting Lecturer

Department of Ocean Engineering
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Chapter I

INTRODUCTION

The potential uses for a small unmanned, untethered

submersible vehicle ( SUUV) are numerous. One of the key

systems in the design of such a vehicle is the control

system, which must be able to control the vehicle:

1. during transit to and from the vehicle's operating

location and depth;

2. while the SUUV performs its mission on location; and

3. during some emergencies for which pre-programmed

corrective action has been specified.

In order to perform these functions, the SUUV's control

system must be able to accept pre-programmed information

concerning course, distance and operating depths as well as

real time inputs from various onboard sensors. The output

from the control system is used to control the rudder and

horizontal control surfaces and ballast control system to

cause the SUUV to carry out its programmed assignments.

The length of the mission which the SUUV will be able to

perform will be dependent on the amount of energy which can

be installed and the rate at which the available energy is

consumed. Therefore, the control system should be optimized

such that the SUUV expends the smallest amount of energy
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while it performs its mission. Designing the control system

to minimize the overall vehicle consumption of energy

requires that different solutions to the control system

design problem be evaluated in terms of energy consumption.

For example, the size of the vertical and horizontal control

surfaces could be made large enough to provide straight line

stability of the vehicle with no control surface deflection.

Alternatively, the size of the control surfaces could be

made smaller to reduce the drag and thereby reduce the

energy required for propulsion. However, smaller control

surfaces would require an active control system (an energy

drain) to provide vehicle straight line stability.

The design of the control system should follow a logical

sequence. Although the demarcations between different

phases of the design process are not distinct, the following

phases are identified for this project.

Phase I Identify the vehicle size, shape and mission

requirements.

Phase II Identify a mathematicpl model to represent

the motion of the vehicle in six degrees

of freedom. Linearize the mathematical

model.

Phase III Calculate the ,,alues of the hydrodynamic

coefficients in the linearized equations.
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Phase IV Form the transfer functions for each of the

linearized equations. Check for vehicle

stability by calculating the values of the

poles and zeros for each transfer

function. Determine the vehicle time

response to a small control surface

deflection.

Phase V Using modern control theory, model the

vehicle in state space using the six

nonlinEar equations which describe its

motion. Include in the model the effects

o-f random environmental disturbances.

Phase VI Model the outputs of the vehicle sensors

which will be used to determine the

control signal. Include the effects of

random noise in the measurements.

Phase VII Construct an observer (Kalman filter) to

estimate values of the states which cannot

be measured directly by the vehicle's

sensors.

Phase VIII Combine Phases V, VI, and VII into a

complete model of the vehicle's motion.

Use this model to design a linear control

system which will control the vehicle in

the predicted manner.
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In this thesis, Phases I through V are performed in detail,

and a brief discussion of Phases VI, VII and VIIi is

provided.

Phases I and II are discussed in Chapter Two. Figure 1.1

shows the principal dimensions of the SUUV. Although the

shape and dimensions were selected arbitrarily, it was felt

that these parameters would be close to those which might be

selected for an actual vehicle design. The control system

design procedure used in tlis thesis should be appropriate

for any vehicle with missions similar to those of the SUUV.

Figure 1.2 is a block diagram representation of the

anticipated inputs and outputs for the SUUV's control

system. The linearized equations which are developed in

Chapter Two are adequate to predict the vehicle's response

to small perturbations about the assumed equilibrium

condition of straight ahead motion with the control surfaces

undeflected.

Phase III, calculation of the hydrodynamic coefficients,

is ).rformed in Chapter Three.

In Chapter Four, the linearized, small perturbation

equations of motion for the vehicle which were developed in

Chapter Two are solved individually to find the transfer

functions (Phase IV). These transfer functions relate u

(forward velocity), w (vertical velocity), and 8 (pitch

angle) to small deflections of the stern planes; and v

(sideslip velocity), 0 (roll angle), and 0 (yaw angle) to
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FIGURE 1.1 VEHICLE SHAPE AND DIMENSIONS
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INPU7TSS

FIGURE 1.2 CONTROL SYSTEM INPUTS AND OUTPUTS
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small deflections of the rudder. The poles and zeros of

these transfer functions were calculated. Appendix C

contains the computer programs used to calculate the poles

and zeros of the transfer functions. The inverse LaPlace

transforms of the transfer functions were evaluated at a

series of times to determine the response of the vehicle to

a small step change in rudder or stern plane position.

These time response curves were evaluated to determine if

the settling time and stability of each response mode were

satisfactory. The computer programs used to calculate the

time responses are listed in Appendix D.

Having determined from the classical control theory that

the initial estimate of the geometry of the vehicle was

satisfactory from the aspect of stability and time response,

in Chapter Five modern control theory was used to proceed

with the beginning of an in-depth design of the control

system (Phase V). Figure 1.3 shows a block diagram of the

major elements of a modern control system. This thesis

includes a development of the model used to represent the

motion of the vehicle. This model is a set of nonlinear

equations that describe the complete motion of the vehicle

in six degrees of freedom - surge, sway, heave, roll,

pitch, and yaw - and also includes terms to model the

effects of random environmental disturbances on the vehicle.

A computer program is described which will evaluate the

states (velocities and angular velocities) at a given time.
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Disturbances

Ordered TrajectoryTraj, -Controller "[Plant

Sensors

Observer & Measurement
Noise

FIGURE 1.3 BLOCK DIAGRAM OF MODERN CONTROL SYSTEM
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This program is listed in Appendix E. Follow-on work to

this thesis should include developing computer programs to

calculate the information discussed in phases VI and VII,

and then using the program in Appendix E along with these

new programs to model the complete system - input, plant,

sensors, observer, disturbances, and output. This would

allow simulation of the vehicle motion in real time and the

vehicle response under various conditions could be

evaluated. Based on these responses, the optimal feedback

gains and observer gains can be adjusted if necessary to

provide the required vehicle response.

Chapter Six consists of a short summary and the

conclusions reached by the author.
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Chapter II

E2UATIONS OF MOTION

2.1 IDENTIFICATION PE THE VEHICLE AND ITS MISSION

The small unmanned, untethered, underwater vehicle for

which this control system design procedure was developed is

depicted in Figure 1.1. The principal dimensions and

characteristics of this vehicle are:

Length overall 11.67 feet

Maximum diameter 21 inches

weight 1162 pounds

Buoyancy 1162 pounds

Control surfaces Rudder

Stern Planes

Symmetry Port-Starboard

Deck-Keel

The mission of the SUUV is:

1. Transit to operating location and depth;

2. Operate for a predetermined period performing the

intended mission such as monitoring the environment

or conducting inspictions of underwater equipment;

and

3. Return to the predetermined location for recovery.
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2.2 DEVELOPMENT OF THE E2UATIONS OF MOTION

The SUUV was treated as a rigid body with deck-keel and

port-starboard symmetry whose motion can be described using

six degrees of freedom - surge, sway, heave, pitch, roll,

and yaw. The control effectors on the SUUV include a

rudder, horizontal control surfaces called stern planes, and

a propeller at the stern. Mathematical equations which can

be used to model the movement of the SUUV in all six degrees

of freedom were then developed following the procedure used

by Humphreys'. Appendix A contains a list of the notations

used in these equations and throughout this thesis. These

notations follow the standard nomenclature introduced in the

Society of Naval Architects and Marine Engineers TMB 1-5.2

The equations which describe the forces, F, and moments,

M, acting on the SUUV are:

= * (Mment(1)
d (t

f W- (Angular momentum) (2)
dt

I Humplreys,D.E.; Development o1 the Equations q Motion and

Transfer Functions for Underwater Vehicles pp. 1-15 Naval
Coastal Systems Laboratory; Panama City, Florida, July
1976.

2 The Society of Naval Architects and Marine Engineers, TMB

No. 1-5; Nomenclature for Treating the Motions of .a
Submerged Body Through a Fluid ; April, 1952.
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A set of right-hand, orthogonal coordinate axes centered at

the center of mass, CG, of the SUUV was used to develop the

equations of motion. Positive directions for the axes,

linear velocity components, angular velocity components,

angles, forces and moments are shown in Figure 2.1.

The inertial forces and moments acting on the vehicle can

be written as:

* (3)
EX = m(U + 2W - RV)

* (4)
ZY = m(V + RU - PW)

a (5)
Z m(W +PV - 2U)

* 0 (6)
7K = PI - RI + 2R(I - I ) - P21

x xz z y xz

* (7)
ZE = 21 + PR(I - I ) - R 2I + PzI

y x z xz xz

* (8)

EN = RI - PI + P2(I - I ) +2RI
z xz y x xz

The total motion of the vehicle can be assumed to consist

of two parts: (1) an average motion representative of the

equilibrium condition; and (2) a dynamic motion that

consists of small perturbations about the average motion.

Thus, the instantaneous velocity components at any time can

be written:
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U Z Uo + u (9)

V = VO + v (10)

W = WO + w (11)

P = PO + p (12)

2= o + q (13)

R = Ro + r (14)

The zero subscripts represent the average or equilibrium

velocity components and the small letters represent the

dynamic velocity components. By defining the equilibrium

condition as straight ahead motion with control surfaces

undeflected, all average velocity components except UO are

zero and the total velocity equations can be rewritten:

U= U0 + u (15)

V v (16)

W W (17)

P= p (18)

2= q (19)

R =r (20)
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Substituting these equations into the inertial force and

moment equations yields:

* (21)
ZX = m(u + qw -rv)

* (22)

ZY = m(v + rU0 + ru - pw)

* (23)
ZZ = m(w + pv -qU0 -qu)

* * (24)
ZK = pI - rI + qr(I -I )-pqI

x xz z y xz

* (25)
ZM = qI + pr(I - I ) - r2 I + p2 I

y x z xz xz

• * (26)
Zx = rI - pI + pq(I -I )+ qrl

z z y x xz

The following assumptions will allow further simplification

of these equations.

1. Assume the disturbances from the equilibrium

condition are small enough that the products and

squares of the changes in velocity are small compared

to the changes themselves.

2. Assume the disturbance angles are small enough that

the sines of these angles may be set equal to zero

and the cosines set equal to one.
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3. Products of the disturbanez- angles are approximately

zero.

The following equations result from these assumptions':

0 (27)
EX= mu

* (23)
my = M~v + rUo)

* (29)
ZZ = m(w - qU0 )

* * (30)
ZJ< = pI - rI

x xz

* (31)
ZN = qI

y

* * (32)
EX = rI - pI

z xz

Additionally, using the small perturbation assumption and

equations (15-20), the relationship between the angular

velocities and the rate of change of the angles can be

written:

* (33)
p =

* (34)
q=

* (35)
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In addition to the inertial forces and moments, the vehicle

also experiences hydrodynamic forces and moments due to the

forces exerted by the surrounding fluid. These forces and

moments are functions of the relative velocity, accele."ation

and position as well as control surface deflections. They

can be expressed in functional form as:

* 0 0 * * (36)
F = f(u,v,w,uvwpqrpqrOB,8)

These forces and moments can be expressed in terms of the

Taylor series expansion about the equilibrium condition.

Two assumptions allow considerable simplification of these

expansions.

1. Assume second order and higher terms may be neglected

because only small perturbations from the equilibrium

postion are allowed.

2. Assume that since the XZ plane is a plane of

symmetry, X , z , and M are functions only of

u,w,q,their derivatives, and 6; and Y , X , and K

are functions only of v, p, r, their derivatives and

0~.

Therefore, the hydrodynamic forces and moments expanded in a

Taylor series and simplified by the above assumptions can be

written:

Y " Y + Y -v + Yv v + Y; + YpP + YO# + Yrr + Y;; + YS& (37)

Kh -K 0 + Kv + K v + K-; + K p + Koo + K'i + K r + K66 (38)

Nh - N + N-; + Nv v + Np + Npp + No* + N-r + Nrr + N66 (39)
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XhX +Xu+ Xu+X +Xw+ Xq + Xqq + XO + X6 (40)

Zh - Z. + Zu + ZuU + Z'ww + ZwW + Ziq + Zqq + ZOO + Z66 (41)

M -M + Mu + Mu + M.w + M w + Mq + Mqq + M86 + M66 (42)
0 a ' U W W q q e

Terms similar to X <u> 3u expresses the change in the

force or moment because of the disturbance velocity. X<u>

is called a stability derivative or hydrodynamic coefficient

and is defined as the change in the X force with respect to

the u velocity and evaluated at the equilibrium condition.

(ax)
X =
u (au)o

The gravity and buoyancy forces and moments can be

expanded in a similar fashion and the complete linearized,

small perturbation equations of motion for the SUUV are;

uX + XuU + Xw + X w + X4 + Xqq + XeO + X6 6s (43)

m(w - U) -Z + Z u + Z-w + Z w + Y + Z q + Zee + Z6s (44)
0 u u v W q q z 8 + 6 6( 4

I -M, Uu + Mu + M-w + M w + M-q + Mqq + MOO + M 6 (45)
Ya v u W W q q e 6 s

and

3 The notation < > indicates a subscript.
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m(v + Uo ) - Yv + Y v +.Y~p + YpP + Y * + Yir + Yr r + Y (46)
0 V V p R R R 46

I -I K-v + Kv + Kip + Kpp + K + Kir + Krr + K 6 (47)
X xz v V p p r 6 RR

- + N vN.v + Nv+Np + Npp + N + Nr + N r + N6 R (48)
Z XZ V V p r r 6R

These two groups of three equations (43-45) and (46-48)

are functions of different variables. Hence, the motion of

the vehicle can be examined in the vertical (XZ) or

horizontal (XY) plane independently of motion in the other

plane. (The motion of the vehicle in the two planes is said

to be uncoupled.) The first set of equations is usually

called the vertical or longitudinal set of equations and the

second set is often called the horizontal or lateral set of

equations.
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Chapter III

CALCULATION OF THE HYDRODYNAMIC COEFFICIENTS

3.1 CONTRIBUTIONS FROM THE BODY

The values for the hydrodynamic coefficients were calculated

by first approximating the body shape as an ellipsoid and

calculating values for this shape, and then calculating and

adding the contributions from the fins and the nozzle. The

ellipsoid representing the body is depicted in Figure 3.1.

Volume of Elliisoid

V = 4/3 r a b2

I 1

I V = 18.04 ft. 3  I
I I

Buoyancy Force o_ Ellipsoid

B pV

r --------------- ---------------- ---------------------------------
I I
I B = 1162 lbf. I
I I
.------------------------------------------------

Surface Area of E1lipsoid

ab
S = 27rb 2 + 2r __sin-e

E
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a = 5.6251

b = 0.8751

E=eccentricity

=c/a

C = (a2 _-b

(= 0.988

FIGURE 3.1 ELLIPSOID USED TO REPRESENT VEHICLE
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f = c/a where e = eccentricity4

S= .988

r - - -i-- - - - - - -

I I
I S = 49.3 ft. 2  I
I i

------------------------------------------------------------------ ----

Landweber ana Johnson5 determined empirical formulas to

determine the values of many of the hydrodynamic

coefficients. These formulas contain the terms K',K1,and K2

which are determined for this vehicle by using the table

irovided by Lamb 6 . Entering this table with the value a/b =

5.714, the values of K', KI, and K2 are:

K' = 0.782

K1 = 0.041

K2 = 0.925

Moments _j nertia

I = I for a prolate spheroid
y z

4 Thomas,G.B.Jr.; Calculus ayd An!alic Geometry ; p. 478;
Addison-Wesley Publishing Co.; Reading, Ma.; 1960.

5 Landweber, L. and Johnson.J.L.; Prediction 9_1 Dynamic
Satabii.Lty Derivatives gI. An Elogated Bod g_ Revolution
MSRDC Report C-359; May,1951.

6 Lamb, Sir Horace; Hydrodynamics, 6th Ed.; pp. 155; Dover
Publications,New York, 1945.
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I =inaz + b2)/ 5
y

I=234 slugs-ft.2 I

L --------- --------- ------------------------------------------- - - --

r-----------------------------------------------------------------------

I I = 234 slugs-ft.2

L ------------------------------------------------------------ ------------------------

I = 1 /(1/2pJA)

r -------------------------

I I 1' =0.0013I

L------------------------------------------------------ - - - - -

I= m(2bz) / 5
x

I I =11.1 slugs-ft. 2

xI

L------------------------------------------------------------------- -----------------.

I x ( / p S
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I I ' = .0000614I
I x

Mlass

m = 1162/32.2

m = 36.1 slugsI

L-------------------------- ---- --------------

r----------------------------------------------- ---------

I ~M = M/(1/2p1 3 )I

G G G

Z =-1/2inch =-. 042ft.

r-----------------

I = -.0037I
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Coefficient of ra

Newman7 has determined that for three dimensional bodies

where the maximum thickness is less than one-fifth of the

length, the frictional drag is dominant and the drag

coefficient can be predicted from the flat-plate drag

coefficient C<f>. Assuming a speed of five knots, the Reynolds

number is:

Re = Ul/v

Re = (5)(1.689)(10)(.0929)/(1.35 x 10-6)

Re =5.81 x 106 (for seawater at 100C)

From Figure 2.3 in Newman$

C =3.5 x 10-3

and since C =C

D f

C =0.0035

D

ax
X
u a

X =-1/ZPU2 AC
D

7 Newman,J.N.; Mar~ine. Hydrodynamics ;pp 20; MIlT Press,

Cambzidge,lia.; 1977.

ibid



32

aX/au = - puAC
D

A = S = Surface Area

A = 49.3 12 /126.6 = .39 12

X ' = 2 X / pul z

u u

r -------------

X ' = -0.00273
u

L ----- --- --------- ---------

X. ' = -Kim'
u

X.' = -0.00104
Iu

v w/

Z = -0.234(m') 0 7 9 -DI

where D' = C S/i 2  D' = .00137
D
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I I

I z = -. 0142 I
I tJ I
I I

r - - - - - - - - -

I I
Y ' -. 0142 I

I vI
I I

_ ' and Z.'
v v

Y.' = Z.' for an ellipsoid
v v

Y. '= -Kzm'
v

I I
I Y.' = - .02345 I

I vI
V I

I I

Z.= - .02345 I
i w I
i I
I .- - - - - - - --.. .--- -- - -- J
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11 3and H

w V

N I O.87(Kz -KI)m'
w

I I

I M ' = .0195 I
I U I
I I

I I

N' -- -. 0195 I
I vI

I I

q! r

Z ' = -(0.10 - KI)ml
q

I I

Z ' = -. 0015 I
I q I
I I

f I

I I

I Y ' .0015 I
I rI
I I
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and X

q r

ti ' = -0.045 m'
q

r11

I H ' = -. 00114 I
q q

q VL--------------------- --------- -------- ----------

I I

r---------------------- -- - - - - - - - - - - - - - - -

-------- --------- ------ -

_. and M.
q x

M. , = _KIT I

q y

r I

I N. ' =- .00102 I

I r I

r !
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and K

M ' = m'g Z I

6 G

I I

I M ' ---. 00302 I
I B I
I I

I I

I R ' = -. 00302 I

I I

The circular symmetry of an ellipsoid

causes the following coefficients to be zero:

I I

I K.' = 0 Z.' = 0 M.' = 0 Y.' = 0 0 I
I p q "a r vI
I I
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3.2 CONTRIBUTIONS FROM THE FINS

The size and shape of the fins selected was the same for the

rudder and the stern planes. Figure 3.2 shois the

dimensions and shape of one of these fins. The total area

of both the port and starboard stern planes was calculated

to be 0.4 square feet.

r - - - - - - - - -

I I "
A = 0.4 ft. z  I

L---------------------------------- ------------------ --------- -------------------.

The average span of the rudder and stern planes was

calculated as follows:

S = ((.578 + .375) / (2))2

S = .972 ft.

The average chord was calculated to be:

C = .365 ft.

Aspect Ratio

AR = S/C

AR = 2.66

Z ' -. 5pUoA C / (.5pUol 2 )
w f La

C = 27/(1+2/AR)
La
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.58,

.1881

It

II

•325' .16

AREA L = .033 ft. 2

AREA - .045 ft. 2

AREA L = .122 ft. 2

Total Area (1 fin) = .2 ft. 2

Total Area (2 fins) = .4 ft. 2

FIGURE 3.2 FIN SIZE AND SHAPE
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C = 3.59
La

For calculating the contributions of the fins to the

hydrodynamic coefficients <v>, M<w>, M<r>, N<v>, y<r>,

y<v>, Z<w>$ Z<q>, and M<q>, the projected area of the nozzle

also was included in the calculation of effective fin area

and span. Figure 3.3 shows the effective fin used in these

calculations.

Z' -AC /12
w f La

r - --------------------------------------------------
I I

Z ' = - .040184
I w I
I I
L ----------------------------------------------------------- J

Z.'= -8r SZC Z /((44S z + C )13 )

w

r ---------------- --------- --------- --------------------------- - - - -

Z.1 = -. 000275 I
w I

I I
L -------------------------------------------------------------- --------- -----------.

Z.' = Cl / I)o(Z.')
q x w

------------------------------------------------------ I

I Z.1 = -.00014 I
I q I
I I
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391

1.75'

39'

Area = .81 ft. 2

Span (7) 1.75'
Chord (7a) =.41

Aspect Ratio (AIR) AR =S AR =3.65

CL 2= i

1

AR

FIGURE 3.3 EFFECTIVE FIN AREA
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Y. = -Z.'(l / 1)
W x

I I
I Y.' = .00014 I
I I
I I

V i

I I
y = -. 02598 I

I v I

-----------------------------------------------------------

I I
Y.=Z.'

v w

I Y.' = -. 000275 I
I V II I
L ----------------

Z ' = (1 /1)9(Z ')
q x w

I I

I z ' = - .01461
q Ii I

L-------------.- - - - - - -- -- -- -J
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Y '

r q

I Y '=.01461I

K.' = 1 2 /1)(Z.')
p v

I K ' =-.0000017

K.m (1 /1)(Z.'

H I

I I
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I I
I N ' = .001311 I
I V I
I I

M'=(1 /1)(Z ')
14 X 14

x 1

I I
I1.' = - .00014

I ,4 I
I I

-H{.' = M.'

V001

I I
M.' = .0014

I v
I I

M 1= /1)(Z ')
q x w

11M' = -. 00775 I
I q I
I I
I. . . . . . . . . . . . . ..- -J

.'= (i 2 /l)(Z.')
ci K 1
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I I

I 1.2 = -. 0000017 I
I q I

q

H M

I I

I N ' = -. 00775 I
I r I
I I

C.5
H.' = 1.'

r q

I I

I N. '=H - .0000017 I
I z
I I

Y C A I z

6R La f

I Y .0074
6R I

I I

7 = -Y
6S OR
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rI' I

I I

I z = -. 007 I

I 6R I
I I

I I

I 1K = 0.0 7I

I 5SZ I
I I
L----------------------- .- - - - - - - - - - - --- -

-1 C A (13 )

r ------------------

I I

I H = - .0037 I
I 6SI

I IR

H M
6R 6S

I II N =H .0037I

L --------------------------------- --------

Table 3-1 lists the values of all of the hydrodynamic

coefficients for ease of reference.
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TABLE 3-1 NONDIMENSIONAL VALUES OF HYDRODYNAMIC DERIVATIVES

Hydrodynamic

Derivative

BODY FINS TOTAL

xu -0.00273 -0.00273

X.
u -0.00104 -0.00104

v -0.01420 -0,025980 -0.04018

y.
v -0.02345 -0.000275 -0.02373

r 0.00150 0.01310 0.0146

y.
r 0.0 -0.000140 -0.00014

Zw -0.01420 -0.02598 -0.04018

Z-w -0.02345 -0.000275 -0.02373

Zq -0.00150 -0.01310 -0.01460

Z-
q 0.0 -0.000140 -0.00014

K -0.00302 -0.00302

Kp 0.0 -0.0000445 -0.0000445

K-
p 0.0 -0.0000017 -0.0000017

M
w 0.01950 -0.01311 0.006395

M-w 0.0 -0.000140 -0.00014



47

Table 3-1 (Con't)

Hydrodynamic

Derivative

BODY FINS TOTAL

Me -0.00302 -0.00302

M

q -0.00114 -0.006610 -0.00775

q -0.00102 -0.0000017 -0.00102

Nv -0.01950 0.001311 -0.01819

v 0.0 0.000140 0.000140

Nr -0.00114 -0.006610 -0.00775

N-r -0.00102 -0.0000017 -0.00102

YSR 0.007400 0.00740

z 6s -0.007400 -0.00740

K6R 0.0 0.0

M s -0.003700 -0.00370

N 6R -0.003700 -0.00370
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Chapter IV

DEVELOPMENT OF THE TRANSFER FUNCTIONS

4.1 GENELRA.L

The linearized, small perturbation equations of motion were

developed in Chapter Two. After substituting equations 33,

34, and 35 into the equations of motion, the longitudinal

and lateral equations of motion can be written:

LONGITUDINAL EOUATIONS

nz-X4u-x UX4-xY-X.6- x X- x 6x 6 (49)
u u w q q 8

m"- mu o - Zu - Z U - Z4 - Z W - Z -* - Z - Z a - Z 6 (50)
0 u U W v . q . q a ~ (0

Iy9 - Mu - MuU - Mo4 - M w - M8 - M a - M M6 651)
y u u W q

LATERAL E2AIK

M + muo& 0 Yv - Y v - Y - Y - Y of YT- Y, YS R (52)

x; ixz v P - rK - Kv - K-0 - Kp0 - K* - K;T - K& -KS 6 (5.3)
I. --I N.4 -N v - Y,3, - Np- - N.; - N = 6 RZ - xz v V p p5

The terms X<s>6s, Z<ds>Os, M<6s>6s, Y<6R>dR, K<bR>6R,

and H<6R>6R are the control forces and moments generated

when the control system causes small deflections of the



49

stern planes or rudder. The transfer functions for the

response of the vehicle to small deflections of the rudder

or stern planes are developed in the following pages.

4.2 LONGITUDINAL TRANSFER FUNCTIONS

Taking the Laplace transform of the longitudinal equations

yields:

[(a - X*)S - X ]u + [- Xs - X ]W +I [- s X 2 _ X s e ] (55)q q -x6e-x6

I- Z~s - Zulu + [((a Z.)s - Z ]W + [- Zs 2- (Z + mU )s -Z]e Z 6(u v W. q q o 6 s

u VY q q 8  S (57)

These equations were nondimensionalized by dividing the

force equations by 1,-2 pl 2UO 2, the moment equations by 1/2

pl 3Uo2 , and S by UO/l, Then the nondimensionalized

equations can be written:

NONDIMENSIONAL LONGITUDINAL EQUATIONS OF MOTIOM

[(' - XI;)S' - X']u' - X'.S' + X'Jw' - We'.s 2 + X's, + 19-X6s (8

(-Ztas' -Zuu + U(m' -Z'.)S' - ZN

-[Z,,S'
2 + (Z' + m')S' + =~l -' 56 s(9

I- M' - H'ju' - fH'.S' + 14']W' + [(I' M')s' 2 _ M's' MIa s 60U U W q -M]eM 5 (O
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The transfer functions can be determined for a given

-input by solving the transformed simultaneous equations of

motion for the variable of interest with all other inputs

set equal to zero. For example, the pitch attitude to stern

plane deflection angle transfer function, using

determinants, can be written:

(ml - X'*)s' - x - x'.s' -
uw w X

S

- Z'-s' - Zu (m' - Z's' -Z Z
U u W

- M's' - MI- M's' - 4' H
6(S) U U W V 6s
(a) - - xf -xvs 2

a (in ; ')s'-1 X' -X - X's'2  X's' X8u V W q q

-Vs' - Z' (ml' - Z'I)s' - Z~ -Z s 2 _ (Z' + min)s' + -Z'

'I U q q

These determinants were expanded, resulting in a numerator

polynomial in s' over a denominator polynomial in s'. The

denominator polynomial for the three longitudinal transfer

functions is a common polynomial. Setting this denominator

equal to zero gives the characteristic equation whose roots

are equal to the poles of the system. The damping and the

natural frequency and the time constant of the system can be

determined from this characteristic equation. The
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longitudinal transfer functions can be summarized as

follows:

LONGITUDINAL TRANSFER FUNCTIONS

8
N6 g Ass'2 + Bs' + CD +6

1/6s = 8' (61)
ALong As'4 + Bs'3 + Ca' 2 + Ds' + E

N6 A's 3 +B '2 +Cs'+D (62)A ong As' + Bs'3 +Cs' 2 +Ds'+ E

u N665 AS +Bs' 2 +Cs'+D C
WA S  MU u U U (63)

ALong As 4 + Bs' 3 + Cs'2 + Ds' + E

The coefficients A,B,C,D, and E and the coefficients in the

numerators are evaluated using the equations in Appendix B.

The values of the hydrodynamic derivatives used to evaluate

these coefficients are as calculated in Chapter Three. In

order to evaluate the transfer functions, a computer program

was written which first determined the values of the

coefficients using the equations in Appendix B, and then

used these values to determine the roots of the numerator

and denominator.

Using the program VERTLIH.FORT (listed in Appendix C) the

roots of the polynomials in the longitudinal transfer

functions were calculated . See Table 4 - 1. The surge (u)

polynomial coefficients and roots are zero because all of
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OUTPUT VALUES ARE IN DIMIENSIONAL FORMI
COEFFS. OF CHARACTERISTIC EQUATION

A B C D E
0.974719E-05 0.306286E-04 0.206294E-04 0.568815E-05 0.331301E-06

ROOTS OF CHARACTERISTIC EQUATION

REAL IMiAGINARY
-2.342500 0.0

-0.361070 0.237651

-0.361070 -0.237651

-0.07765S 0.0

PITCH POLYNOMIIAL COEFFICIENTS

ATHETA BTHETA CTHETA
-0.950454E-05 -0.754724E-05 -0.535090E-06
ROOTS

REAL IMIAGINARY
-0.809735 0.0

-0.077702 0.0

VERTICAL VELOCITY COEFFICIENTS

AU BW CU D W
-0.110338E-05 -0.463001E-OS -0.113874E-05 -0.610100E-07

ROOTS
REAL 111AGINARY

-3.937668 0.0

-0.180908 0.0

-0.077621 0.0

FORWARD SPEED POLYNOJMIAL COEFFICIENTS

AU BU CU DU
0 .0 0.0 0.0 0.0

R.OOTS
REAL IMIAGINARY

0.0

0.0

0.0

TABLE 4-1 ROOTS OF VERTICAL TRANSFER FUNCTION
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the hydrodynamic coefficients associated with X were assumed

to be zero except X<u> and X<u>. Figure 4.1, which is a

flow chart fox VERTLIN.FORT shows the method used to

calculate the roots. Subroutine ZPOLR, a routine written by

IMSL,Inc. and available as a library routine at C.S. Draper

Laboratory, was used in VERTLIH.FORT to find the zeros of

the polynomials. The pitch (B)and heave (w) transfer

functions can be written (after cancellation):

(S + .81)
6/s ----------------------------------------- (64)

(S + 2.34)(S + .36 + .24j)(S + .36 - .24j)

(S + 3.94)(S + .18)
w/6s -------------------------- (65)

(S + 2.34)(S + .36 +.24j)(S + .36 - .24j)

The vehicle's response in the vertical plane was then

determined by finding the inverse LaPlace transform for e(s)

and w(s) assuming a one degree deflection of the stern

planes. Pitch angle as a function of time following a one

degree deflection can be expressed:

8(t) = -0.027 - 0.0025(exp)(-2.34t)

+ 0.03(exp)(-.36t)(cos.24t + .66sin.24t) (66)

The vehicle's vertical velocity as a function of time

following a one degree deflaction of the stern planes can be

expressed:

w(t) = -. 003 + .001(exp)(-2.34t)

+0.002(exp)(-.36t)(cos.24t + .032sin.24t) (67)
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Plots of 6(t) and w(t) are shown in Figure 4.2 and 4.3 These

plots show that the vehicle behaves in a stable, predictable

manner in the vertical plane following a small stern plane

deflection.

In the expressions for pitch angle and vertical velocity as

functions of time, it can be seen that some terms are much

smaller than others. This indicates that the effects of

some poles and zeros are insignificant in comparison to the

effects from the remaining poles and zeros. When these

zeros and poles which have only minor effects are dropped

from the transfer functions, the transfer functions can be

written:

(S + .81)

8(s) - (68)
(S + .36 + .24j)(S + .36 - .24j)

(S + .18)
w(s) =---------------------------------------(69)

(S + .36 +.24j)(S + .36 - .24j)

The system characteristic equation can now be written:
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Z VELOC. (FT.PER SEC.)
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S2 + .76S +.187 = 0 (70)

This equation is of the form,

S2 + 2rwn + Un z = 0

where = damping ratio

n= natural frequency

Solving for the damping ratio, natural frequency and system

time constant:

= 0.88

n= 0.432

T = 14.5 secs.

4.3 LATERAL TRANSFERUNCTIONS

The transfer functions for the lateral equations were

determined and analyzed using the same procedure just

completed for the longitudinal equations. Equations (52-54)

were nondimensionalized in the same fashion as were the

longitudinal equations, with the additional definition that

00 = V/Uo,
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Nondimensionalized Lateral E.uationsIA Mfotion

I(-'- Y'.)s' - YI]B + - Y'-s' - Y;s' - vo

+ [- Y'.s' 2  + (m, _ y;)s' Y; 6Rr r. - -] RR (71)

[- K'.s' - K']B + [(I - K')s2'2 - K' -;
P P 0,2

+(- I' - K)s' - K's']* - K'I6
xz r R (72)

N'.s' - N']B + [(- I' - N'')s 2  N's' - Nv]o
V v XZ p P

+ [(Iz' - N'i)s '2 - N's N6, 7
z r r'4N 6 R (73)

The lateral transfer functions were determined from these

equations.

Lateral Transfer Functions

6 a s'(A + B + CBS' + ) (74)
0/6 - B _ 0 0 0 a(4

R =Lat s' (As,4 + Bs'3 + Cs'2 + Ds' + E)

N/ --s- SI(A s' 2 + B a' Lt +E'+Cs 2 + Ca )

NR  As'3 + Bs'2 + Cs' + D E

/6 = R. * (76)
A Lat 8(AB 4 + Bs'3 + Cs'2 + Ds' + E)

Lat t(~~ + +CS'
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Figure 4-4 is a flow diagram of the computer program

HORLIH.FORT (listed in Appendix C). The values of the

coefficients and roots for the lateral transfer functions

were calculated with HORLIN.FORT and are listed in Table

4-2. The coefficients and the roots of the roll polynomial

are equal to zero because of the vehicle's symmetry in both

the vertical and horizontal planes. The transfer functions

for the sway and yaw motion are written (after

cancellation):

(S + 4,38)
v(s)/6r(s) = (77)

(S +2.69)(S + .45)

(S + .81)

*(s)/6r(s) = (78)
(S + 2.69)(S + .45)

v(t) and 0(t) were determined:

v(t) = 058 - 0.62exp(-.45t) (79)

0(t) = .014 - O.01t - O.012exp(-.45t) (80)

Plots of v(t) and 0(t) are shown in Figures 4.5 and 4.6.

These plots show that the vehicle is stable and behaves in a

predictable manner in the horizontal plane for small

deflections of the rudder.

In order to maximize the use of the installed energy, the

control surfaces should be redesigned to reduce their area,

which would reduce the drag on the vehicle and thereby
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OUTPUT VALUES ARE IN DIJIENSIONAL FORM
COEFFS. OF CHARACTERISTIC EQUATION

A B C D
0.301377E-07 0.110544E-06 0.899080E-06 0.257019E-05 0.976523E-06

ROOTS OF dHARACTERISaTIC EQUATION

REAL IMAGIXARY

-0.264699 5.186463

-0.264699 -5.186463

-2.699328 0.0

-0.446244 0.0

SIDESLIP POLYXOIIIAL COEFFS.

ABETA BBETA CBETA DEETA
0.279417E-07 0.137099E-06 0.818321E-06 0.329956E-05

ROOTS
REAL IYIAGINARY

-4.377226 0.0

-0.264695 -5.186463

-0.264695 5.186463

ROLL POLYNOIIIAL COEFFS.

APHI BPHI CPHI
0.0 0.0 0.0

ROOTS
REAL IIIAGIXARY

0.0

0.0

YAW POLYNOIIIAL COEFFS.

APSI EPSI CPSI DPSI
-0.269345E-07 -0.362082E-07 -0.738029E-06 -0.591960E-06

RC07S
R.EAL IM1AGINARY

-0.264697 5.186465

-0.264697 -5.186465

-0.814914 0.0

TABLE 4-2 ROOTS OF HORIZONTAL TRANSFER FUNCTIONS
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maximize mission range or time. After selecting a new fin

size and shape, the affected calculations in Chapter III

should be repeated to determine new hydrodynamic

coefficients. Then the aLalysis of this chapter should be

repeated. Th.s sequence should be repeated until the size

of the control surfaces is the smallest which will provide

the desired control characteristics.



66

Chapter V

APPLICATION OF MODERN CONTROL THEORY

After analyzing the vehicle using classical control theory,

the next step was to apply the principals of modern control

theory which uses state space; state variables and state

vectors to describe the dynamic system which is to be

controlled. Modern control theory can be used to design

control systems which have multiple inputs and multiple

outputs.

The state variables are a set of variables of interest,

X<i>, which completely describe the state of the system at

any fixed time. The finite number, n, of state variables

which can completely describe the system at any instant form

an n component state vector:

X = (X1 ,Xz,..X<n>)

The inputs to the system are represented by a control

vector, U.

The state equations which represent the system are then

written in the form:

X A AX+ B U

Y CX +D U
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where A,B,C, and D are coefficient matrices and Y(t) is the

output vector. The state variables are not a unique set.

That is, various sets of state variables can be used. Where

possible, it is advantageous to choose as the state

variables those variables which have physical significance

and which can be measured.

The next step in the design sequence was to model the

nonlinear motion of the vehicle in six degrees of freedom.

Appendix D contains a listing of the six nonlinear equations

which were proposed as the standard equations of motion for

submarine simulation 9 .

I0
Appendix E contains the listing of a computer subroutine

which uses these equations to calculate the values of the

vehicle's linear and angular velocities in both the body

coordinate system and the earth coordinate system. The flow

chart for this subroutine is shown in Figure 5.1.

This completes Phases I through V of the control system

design process as discussed in Chapter I. Additional work

on this topic should begin with Phase VI and procede to the

final control system design.

Gerter, M. and Hagen, G.R.; Standard Equations of Motion
for Submarine Simulation; NSRDC Report No. 2510;
Washington D.C. ; June, 1967

10 Lee, Jang Gyu; The Charles Stark Draper Laboratory, Inc.; February, 1982
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Chapter VI

COHCLUSIONS

A general procedure for the control system design of a small

unmanned, untethered, underwater vehicle was formulated.

The early phases of the procedure were accomplished for the

vehicle, accomplished for a vehicle.

The linearized equations of motion in six degrees of

freedom for small perturbations about an equilibrium

condition of straight ahead motion were formulated, and

values for each of the hydrodynamic coefficients in these

equations were calculated. The vehicle's response to a

small control surface deflection was analyzed by forming the

transfer functions for each of the equations and then

solving for the vehicle response in the time domain. The

initial design of the control surfaces for the selected

vehicle size and shape was conservative. Smaller control

surfaces should be designed and the analysis should be

repeated until the smallest control surfaces which provide

satisfactory vehicle control are achieved.

A model of the vehicle was formulate using the nonlinear

equations of motion. Additional work in the area of this

thesis would be to complete a nonlinear model of the vehicle

and its control system. Modeling of the vehicle's sensors
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and measurement noise terms and constructing an observer to

calculate non-observable states are required to combine with

the nonlinear vehicle model and input terms.

This complete nonlinear model should then be used to

predict the vehicle's response in real time. An actual

control system should then be designed that has the desired

characteristics to control the vehicle within the specified

tolerances.
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APPENDIX A

NOTATI ON

Symbol Dimensionless Form Definition

B B B Buoyancy force, positive upward
TT7

CB Center of buoyancy of submarine

cG Center of mass of submarine

:IN ~I ' = Moment of inertia of submarine about x axis
Tk x

I I' =-1.1.Moment of inertia of submarine about y Axis

I 1z Moment of inertia of Isubmarine about z axis
z z

I I I -a- Product of inertia about xy axis
*xy xy beL

II -' =Y Product of inertia about yz axes

'xI x' = z Product of inertia about zx axes

U4

K K' = K- Hydrodynamic moment component about x
Fp(t3 U axis (rolling moment)

-*K*. K* Rolling moment when body angle (ai. 0) and
j p. 3 UZ. control surface angles are zero

XK 2 1 Coefficient used in representing -K*1 as a
~'7 jPL3 UZ function of (1-1)

KK I *P.First order coefficient used in representing
P p jpt4U K as afunction of p

K. K. K Coefficient used in representing K as a function

K K f ' Second order coefficient used in representing
P 1p I P'PI F# K as a function of p

K K ' = Coefficient used tit representing K as a function
Pqpq of the product pq

r
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K
K qrK 'r - Coefficient used in representing X as a

qr qifunction of the product qr

K r ro 1 KrFirst order coefficient used in representing
*PV U XKas a functionaofl

K. K OILSK Coefficient used in representing K as a
r r jpL5 function of?

K K,K K , p.~ First order coefficient used in representing
v P ZA UK as a function of v

K. K.' = 4 Coefficient used in representing K as av v PI4 function of~

KylylSecond order coefficient used in representingVIVIVIVI Ta7-K as a function of v

K K I = Kv Coefficient used in representing K as a functionvqvq WpL4 of the product vq

Kv K 'I = vwCoefficient used in representing K as a function
VW pt* of the product vw

K K 'I = -Kw Coefficient used in representing K as a func tionWP' JPC' 'of thieproduct wp

Xg K V Coeffietoni used in representlttg K as a functionWr jJ't-eof the product wr

K. K6r First order coefficient used in representing
6r 6r' P4,3 UZK as a function of 6

Z 4' 1 Overall length of submarine

In m' I Mass of submarine, including water in free-
W.3 flooding spaces

M M'Z= HYC'Todynamic moment component about y axis
iPL 3 U2  (pitLhing moment)

M*M*Pitching moment when body angles (e )and
control surface angucs are zero

M
M M ' Second order coefficient used in representing

pp Pp 1PIC. M as a function of p. First order coefficient is
ze ro.

liM ' = I F-.rst order coefficient used in representing
q q jP4, U M as afunction of q

1A M '-L! First order coefficient used in representing
VIq -I p M qas a function of (vj-I)

M. M. q _ Coefficient used in reprasenting M as a
q q function of4
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M Mq -qq Second order coefficient used in representingqjqj q~q PZM as a function of q

IV[ '- Coefficient used in representing M 6 s as alql6s Iql6s jp u function q

M M Coefficient used in representing vi as a
rP function of the product rp

Mrr
Mrr M rr' = T ,- Second order coefficient used in representing

M as a function of r. First order coefficient
is zero

lVP M ' = pt Coefficient used in representing M as a
VPP p A function of the product vp

M MvrI= M Coefficient used in representing M as a
vr vr W 4 function of the product vr

Mvv Mv VV Second order coefficient used in representing
MM as a function of v

M = First order coefficient used in representing
PwI M PU M as a 'function of w

MMMT TI pe First order coefficient used in ripresenting
W11 I1 *pMW as a function of (7-I)

Mv. Coefficient used in representing M as a function
W 4WOf~

M Iw I - t First order coefficient used in representing M
as a function of w; equal to zero for symmetrical
function

Mllq •M q1 J Coefficient used in representing Mq as a functionwq IIq 4  of w

, MW Second order coefficient used in representing.w = lM as a function ofw

IMw 1I) First order coefficient used in representingww17 °wIw '= MWj as a function of (771)

M ww Second order coefficient used in representing
ww Mww j M as a function of w; equal to zero for sym-

metrical function

aM6b
M 6 First order coefficient used in representing

U M as a function of 6b

M h M~First order coefficient used in representingM68 6s, P1,3 up M~ as a function of 8s

M 6S Mls . % First orde~r coetticient used in representing
6s6 ?7 i , U M6s as a function of (7-1)

Im mmm mImmmmmm mmmm mm
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N N 1Hydrodynamic moment component about z
axis (yawing moment)

Ne
N* N5 ' Yawing moment when body angles (er, $) and

control surface angles are zero

Np
N N I zpFirst order coefficient used in representing N

as a function of p

N. N' = Coefficient used in representing N as. a function
p p ~of

N
N N :22 Coefficient used in representing N as a function

pq pq *P46 of the product pq

Nr
Nqr N qr qr Coefficient used in representing N as a function

of the product qr

N
N Nr' =-Z.4 First order coefficient used in representing Nr as a function of r

N N N First order coefficient used in representingrI7 r17 IPLU Nr as a functio n of (1)-i)

N. N. ; Coefficient used in representing N as a function

Nr r' of

NrlrI
N" r 1  I r rI Second order coefficient used in representingN as a function of r

sN ' = Coefficient used in representing N as a
rrI r Irl6r jpL'U function of r br

N!

" N' -First order coefficient used in representing N
Nv N U as a function of. v

N N ' First order coefficient used in representing Nv
V V p4 3 U as a function of (t)- 1)

N. N'= N4, Coefficient used in representing N as av% v VT 4- function of -'

N N Nvq Coefficient used in representing N as a functionvq vq jP4 of the product vq

NN 2 NIvIr Coefficient used in representing Nr as avvrr Iv~r tP ' 4  function of v

N M NvI Second order coefficient used in representing
-v -Z N as a function of v

N 1  -v First order coefficient used in representingNVIVlI NvIv17 = ot. NvIVI as a function of (1-1)
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N N__ = -Nvw Cofficient used in representing N as a function
i pa of the product vw

N wp' = w) Coefficient used in representing N as a functionWP W P J4of the pr.oduct wp

Nwr Nw ' Coefficient used in representing N as a function
w iwr p = * of the producr'wr

N Ni ~ N6r First order coefficient.used in representing N
6r as a function of br

N , = N6ri First order coefficient used in representing
6 r p? 3 UZ N 6r as a function of (17-1) -

pP' = U' Angular velocity component about X axis
relative to fluid (roll)

P' -- --- Angrular- acceleration component about x axis
relative to fluid

q,--.
U Angular velocity component about y axis relative

to fluid (pitch)

= - - Angular acceleration component about y axis
U. relative to fluid

=r - Angular velocity component about 1 axis
relative to fluid (yaw)

U - - Angular acceleration 'component about z axis
relative to fluid

U U'- Linear velocity of origin of body axes relative
U- to fluid

u' = Component of U in direction of the x axis

Time rate of change of u in direction of the
UZ xaxis

Uc
uc uc' - Command speed. steady value of ahead speed

U .component u for a given propeller rpm when
body angles (a, B) and control surface angles
are zero. Sign changes with propeller reversal

v =, Z Component of U in direction of the y axis
U

v, = ... Time rate of change of v in direction of the
UZ y axis
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w we= W Component of U in direction of the z axisU

S-- Time rate of change of w in direction of the
U Z  

z axis

W W1 = Weight; including water in free flooding spaces

x x'= X Longitudinal body axis; also the coordinate of a
point relative to the or.igin of body axes

xB '  The x coordinate of CB
xB B

10 1 0 The x coordinate of CG
x.G

x o  x o ' =!- A coordinate of the displacement of CG relativeto the origin of a set of fixed axes

X X' X Hydrodynamic force component along x axis
S~~pU (longitudinal, or axial, force)

X X '= -- q Second order coefficient used in representing
qq qq ipc 4  X as a function ot q. First order coefficient

is zero
X X =- Coefficient used in representing X as a function

rp rp p1,4 of the product rp

X X Xrr Second order coefficient used in representing
rr rX: = 4 X as a function of r. First order coefficient is

zero

X
X. Xa' = a Coefficient used in representing X as a function

X X u' = Second order coefficient used in representinguu u~p X as a function of u in the non-propelled case.

First order coefficient is zero

Xv
X Xr Xvr Coefficient used in representing X as a function

vr Xvr of the product vr

X Xvv Second order coeffient used in representing X
vv Xvv = as a function of v, First order coefficient is zero

X XvI V Frst order coefficient used in representing XvvVV77 ivv't Z as .L fuaiction of (17-1)

Xq X wq Coefficient used in representing X as a functionof the product wq
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X WW Second order coefficient used in representing
WW WW X as a function of w. First order coefficient is

zero

Xww 11  x77 First order coefficient used in representing XWMWw?7 *p4Z as a function of (17-1) w

X 6b6b X b = Xbb6b Second order coefficient used in representingX
i~b ptjU 2  as a functi .on of 6 1b. First order coefficient

is zero

X 6 6  X = 6r~r Second order coefficient used in representing
6r~r p~AUZX as a function of 6 r. First order coefficient is

zero

= 6r 6A1 First order coefficient used in representing
i6r-r 6r6rX as a function of (77-1)

X -s~ X bss )sU Second order coefficient used in representingX
6s~s s~s -as a function of 65. First order coefficient is

zero

X X * =6sbs17 First order coefficient used in representing
5S~s17 6ssrsP~2 Us as a function of (77- 1)

y Y X Lateral body axis; also the coordinate of a

point relative to the origin of body axes

= YBThe y coordinate of CB

YG
=GYG J Th e ordinate of CG

YOY 0 YOA c -nate of the displacement of CG relative
to t' rigyin of a set of fixed axes

Y Y Hydrodynamic force component along y axis
= TP-7-7(lateral force)

Y* Y*1 y
* = ~~Z!JZLateral force when body angles (a, P) and control

surface angles are zero

Y Y P First order coefficient used in representing
Pp it Y as afunction of p

Y Y. Y.2- Coelffcent used in representing Y as a function
P p, of h

'Y Y~ 1  Y 1= Second o~rde~r coefficient used in representing
PIP! IP, it'.;Y as a function of p
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YPq = rfCoefficient used in representing Y as a function
pq pq of thc product pq

Yetyor rCoefficient used in representing Y as a function

Yqr qr *
4  of the product qr

Yr

Y= - First order coefficient used in representing Y
as a function of r

y y = First order coefficient used in representing
ri rl U as a function of (--1)

Y. Y' yi Coefficient used in representing Y as a function

Y y r t6r Coefficient used in representing Y 6 r as a
~IrI r I r 1.6r U function ofr 6

Yv
y Y =-- First order coefficient used in representing

FJp-LU Y as afunction of v

Vil l Pt'zu Yv as a function of (77- 1)
Y,Y. y I Fst orCoefficient used in representing Y asvii = Ua function of
.

y Y ___ -v Coefficient used in representing Y as a fnto-- Coefficient used in represcnting Y as a function

vq of the product vq

Yv~rJ
Y v r[Coefficient used in representing Yv as a function~vIrl i lo

YvrtYiri' - of r

yaI Yv Second order coefficient used in representing
vIvl YVv -" Y as a function of v

Yvlvhi
Sy V177 First order coefficient uF ed in representingYv',{ Yvvm 11 I , - Yivl as a function of (?)-I)

Y y Yvw

vv 2' Coefficient used in repre enting Y as a
w ,v function of the product vv

Y Y ' = Coefficient used in repretenting Y as a
%P wp iPOC function of the product wp

Y wr
Y r = Coefficient used in representing Y as aw v. r p function of the product wr

66rS - 6First order coefficient used in representing

Yr br' p 0.U z  Y as a function of r

Y ' - ~ First orde'r coefficicnt usedl in rtpresenting
Yr 6rri = pC.,LI2  Yr as a funtction ofr ( I - 1)

ai6 I I I l
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ze' Normal body axis; also the coordinate of a
point relative to the origin of body axes

z B
ZB = - The z coordinate of CBz4,

S z G The z coordinate of CGzIt

S 0 ' A coordinate of the displacement of CG
relative to the origin of a set of fixed axes

Z Z, z Hydrodynamic force component along z
iPV U z  axis (normal force)

Z* Z, = Normal force when body angles (L, P) and
PiZUZ control surface angles are zero

zZ I Second order coefficient used in representing
pp pp *pt4 Z as a functio, of p. First order coefficient

is zero

Z Z =Zq First order coefficient used in representing
• q q j U Z as a function of q

Z Zq, = ? -SD First order coefficient used in representing
q1? qi -P4.3 U Zq as a function of (I-1)

Z. Z.' = Coefficient used in representing Z as a
q q function of 4

Z Z Z IqI6s Coefficient used in representing Z6 as a
Iql6s Iql6s =p (. 3 U  function of q

SZ I = -
r  Coefficient used in representing Z as a

rp rp jpt4 function of the product rp

Z Z =Zrr Second order coefficient used in representing
rr rr jptp4 Z as a function of r. First order coefficient

is zero

Zw Zwl = -j s c First order coefficient used in representing
FW I.2. as a function of w

Z 2.' = First order coefficient used in representing
W 7 iw w Z w as a function of (7- 1)

Z . Z.;' = k Coefficient used in representing Z as a
function of %'

Z Jw' =  First order coefficient used in representing
IW p LPtzu Z as a fnction of w; equal to zero for sym-

metrical function

2 2. = II Coefficient used in representing Z as awjqj wicl P4, 3 function of q w

.. .... .. .
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Z wlw
wiwi Zaafu -too Second order coefficient used in representingWiwiWIWI IPZZ as a function of w

Zwlwrn First order coefficient used in representing
f ZI~w[ = 7 p1Z ZW Zww ,as a function of (1-1)

zww

ZZ -' Second order coefficient nted in representingww Zw: Z as a function of .'; ccual to zero for sym-
metrical funcion

Z Z6b First order coefficient used in repr-seiting Zfib 6b P p ZU2 as a function of 6b

Z Z First ort.er coefficient used in representing
i Z =PUZ as a function of 6s

Z6si7 Z 77 First order coefficient used in representing
IdU Z6s as a function of (77-l)

MAngle of attack

Angle of drift

SDeflection of bowplane or sailplane

67 Deflection of rudder

6s  Deflection of sternplane

1 The ratio uc-
U

O Angle of pitch

Angle of yaw

*Angle of roll

a i b i., c. Sets of constants used in the representation of
propeller thrust in the axial equation
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APPENDIX B

EXPRESSIONS FOR THE LONGITUDINAL TRANSFER FUNCTION COEFFICIENTS

The longitudinal characteristic equation is

A og-As' 4 + Bs' 3 +Cs' 2 + Ds' + E

where

A =(in' - X' )(M' - Z'. )(I'I - M1;) - Xf'M'Z1' - fv.1
uw y q w u q u w q

-(mn
t 

- Z'*M'*X'*- Z'*Xf*(If - M.) - mt (m t 
- f)4

w u q u w y q wu q

B - - (m' - VOW(i -i Z')M - Z',(in' X')(I; - MY)

- X'(in' - Z')i' M14) - X'*M'(Z + in') - M'X'-Z' - M.vf
u y q w u q u w q ui~ q

- Z'.M'-X' - Z'*M'Z'* - Z'M'*X'* (in' -Z'.)M'.X' M'(in' -I X
u -vq u w q u w q u uq uw q

+ M'.Z'X'. + Z'*X'*M' - Z'X'.(I' -M'4) -'X'(I' -~ r')
u w q u w q u w y q uw W q

-m'*i'- ')Z + Mi) - M'(in' X')Z1. + MI'X'ZI
w(M u q,) w u q w u q

C -- (mn' VO X')i'-Z')M' + Z'l(i' - X' )m' + X',(in - ,)

+ Z'X'(I' M'4) -X'*M'Z' - M'X'(Z + in') - M'.X'(Z ' + Mi')
w uy q w u u w q u

- Z'-M'X' Z'.M'X' - Z'M'.X' - Z'm'Xv' - (in' V
uwe u wq u w q u w q w u,;X

- M'(in' - Z'.)X' + M'-Z'X' + Z'MX + 'X + Z'X'-M' + Z'X'M'
q u wq w u q u we u w q u wq

- XvZ1(E' - Mo.) - M'*(a' X' )Z' - 14(i - X)(ON + in')
w u y q w 6 wu q

+ M'~X'(Z' + in') + X'M'Z' - M' X'Z'
wu q u w q uw
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D -Z'M'(in,.- X'* + X',(in - V *)M' - Z'X'M' - M'X'-ZI Mt.Y17#
we w u 9 uq u w8 e u-vO

- ~ q + in') - 'MX;- ZP ;- ZurHwIX4 - w~in

+ M'*'X + ZIM'X + ZlXIt~m + Z'.X~M' + X'Z'M' - Mt(In - x
uwO vu u w 0 u w 6 vuq v

+ m'X'Z' +M X',(Z' + m')

E--Z'X'M' -M'X'Z' Z'M'X' + Z'M'X' + X'Z'M' + XIMIZI
w u 8 u w wue wuea uwOe

The pitch response transfer function is

N 0

0/6 10 6 6 A6
S A Long A Long

where

A W' (i'N X')(n' - Z' ) + Z; X'*M'*+XZM' -M' ''
e e e e

+ X; in Z'*)M'* + Z; M'*(n' - X'*

w u 6  w

e e e e

+ X' Z'.M' + X' ZlM'* - M; X'.Z - M; X'Z'* + X' (i'
6 uw 6 u w u 6w u 6 wu

e e e e

-X' Z'M'. - Z; M'.X' + z ' M'(in' - X')
6w u 6 wwue e e

e e e e e e

The vertical velocity transfer function is
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6s ALong Long

where

A -Z,' (m' -X'*)(I' - Ml;) + X' m'.Z' + m' I'X' -lx Z' H.Xl
u y q 6 q 6 u q u

e e e e

XW Z (MI VO M') X(Vn -')+;'
e e e6e

+-M (Vol + X')M' Z6 M'IN - N'" +II X' MZ'. XM'.Z+
e q 6 u e q 6 u q 6u q

e e e u

+ M' Z'*' + Z; '-X'* - Z' M'X' - X Z' M'' - X' Z'H' M myx )e
ee uq e e u q 6 u 6 6 e u q e

Z'(IV ' + m')'+ C'-+i' 'XZ
e u e

D- (n'M+ V ')~Z ~~X M'.IZ +

6 u q 6 e u q ux 6; mu'e - 6; zu q i' -m; xZ'ee e e e e e

The forward speed transfer function is

ul6 s A s' + B s' + C s' + D

5 Long ALong

where

A ' W m -6 Z'I)(I' - m';) +H'6 X'V + Z; M'-X' +M v- IX
u e ~ e e w e

+ Z; X' (I' - M';) - K'I M'.Z'
e q 6e
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B -X' (in' - Z' )H' - X; (I' M';)Z' + M' X'-kZ' + mn') + M'X Z'.

u ae e w e wqe

+ Z M'X + Z61 IX' - ')X M, H' ZIXI - Z; X'I7Mt

e e v e e wewq

+ Z; X' (I' -I;) - X; H' (Z' + inl) - XI H'Z'.

ewy q 6 q 6ew q

u e e we

+ ~ Z'H Z;MX '; m Z' X;M Z;X Z1 K'(M Z; + in'

e e e6 e e e

i'- ') ~'~ZXH MV X'

-6 e e wq

D - X' Z'M + M; XIZI + ZIMI~X; - H; ZlX; - Z;X'M - X;M'Z'

u 6e w e 6e we we wew
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EXPRESSIONS FOR THE LATERAL TRANSFER FUNCTION COEFFICIENTS

The lateral characteristic equation is

A Lat - s'(As 4 + Bs'3 + Cs'2 + Ds' + E)

where

A i'-Y' )(I' -N'i)(I' - K') + N-(- I' - K;V

YV.K'.(- I' N'.) - N'.Yf.(I' - IC.') - K'.(I' - iYv

-('-Y(I'- N' )(- Ilz - Kv;)
v xz p xz

B = i'-Y'.)(I; - N'*)K' - N'(m' - Y'*)(I' ViK)

-Y'(I' -N'.)(I' - W'O + N'.(- I'z - K'i)Y' -'K#

v z v X p V Z rp yr p

+ N'(- IV - K';)Y'* - Y'*K'*N' + Y'-K'(- I' N')
v xz r p r v p r v xz p

- (in - Y')K'(- I' - N';) + N'~Y'K' + N'*(m' - Y')(I' K.
r v xz p v r p v r x p

-N'Y'*(I' - K' ) -K' (I - )' 'N'Y'; - (I; - ;) Y i

v r p Vz - pv)Y + r K' r

+ (MIn - Y' )(- I' - K';)N' + (mn' - Y';)K'(- I' - 5';)

+ Y'(- I'I - K';)(- I'z - N'*)
v xz r x
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C -;m -'K - Win - Y';)(t' - N';)K; + Y'(l' - j)p
p p

+ N'Y'(I' - K';) + N'(- I'z - K'j)Y; - N'K;Y' + N'(- I' -')

TV K p v~ vp v xz p

- N'K'Y'- - Y'-K'-N; - Y'j('N; + (mn' Y;K- Nvyr p r vv rv

- (m, ' Y ')K'(- ' NY + N Y'iK ' N' (m' - Y ')K' + i'Y'-K '

N(I- Y')(L' - K') - K' (I' - NIY' + K'IN'Y' - (I; -')KY

" K'N'Y'- + (mi' - Y'.)(- I'; - K';)N; - (ma' - Y;KN
vyr p r z r rp

-Yf(- I' K'i)N' - K'Y' N';)xz rp rv x p

D N'(in' - Yv')K' + Y'(I' - WNK - N'Y'K' - OKY
r ~~~ v * vz r4 vp v r

+ N'- I'- K'*)Y' - N'K'Y' - Y'-K'N; '+(W - Y')K'*N
vN( Ixz v r vp r v V,

+ (mn' - Y;)K'N; - N';(n' Y;)K' + N'Y'iK; - '(N'W - Y;)K; + K'-N'Y'
r V~V T0 V r v r

-(I; - N';)K'Y' + K'N'Y' - (mn' - Y')'N; - Y'l(- I'~ - K N
z V 4 VV 4 v r .

+ K'Y'N'

E -- N'Y'K' N'K'Y' ii Y')K'N' - N'(n' - Y;)K' + K'N;Y' + K'Y'N;
rTv v r ;+m r v4 v v VT Tv

The sideslip transfer function is

9 R s'(A as' + B s' + C s' + D)

R Lat Lat
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where

A 6 (V~ - N';)(I' - K';) - N61 (- I' - K'i)Y'; - K' 'Y'*(- I' - N;
r zr zrz

N r'(I - ~ Kr; +K(I - N';)Y' ; - Y; r z - K';)(- ';z - N';)

B a- Y' (I; - N';)K' Y; YN'(I'-K';) - N' ( I'z - K';)Y'I + N'I K'Y'*
6r p 6r x p r x p 6 rr p

rr r r r

+ K YN ' (I' - K')(+K I N')Y - ; N'Y*'-rp Kr r x p r r p

+ Ym' I I'N (I -v)N +' Y; K;(- (I' - N')'-K, ''
r rr

C 6 (I; - ';)K' + Y'K'(-IN;'-N') K' +N KY

r r p~rl p

+ K' Y'-N; - K;r Y' N'K - N6' ('-K +I' Y'K
6')K r r rp r rz r +~P

+K' Y'*' - Y')' N'K Y'*K C' - Y' K'N
6 r~ (in - ' +p Y6 r r rp

r r

+ K' ('K + N;)Y - K; 'K'Y'Y +-I -')N-Y K'N'KY
6r r r 6~6xz * r
r r r r r

Y- 6rr 6 y'N+(n-Y

r r 0

The roll transfer function is

N: I S'(A8, 2 + B s'+C)
'R

6 R "Lat ALat

where
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A* K' Y';)(I; - N') - Y N';(- Ixz - K'i) + N; K'*Y'*

r r rvr

-K' N''*Y'i + Ya' K'*(I' - N';) - N; (in' - Y'.)(- I' I- K'')
r r r

B4 K'(m Y'', KY'I N') + Y' N'*K; Y'N'-V -K-

r M -,r Y(;-N r r z

N' K';(ni' -Y') + N' K'Y' ' N ( n Y ) - K' N'Y " - Y' K"-N'
6~~~ + rK r 6 v r 6 r

r r r r r vrvr

+ '(I; N';) + N' Wa Y'*)K' + N; Y'(- V' - Vi)
v r' r v xz r

Co Kj Yv" + Yj NOVK - NO K'(' - Yr)*+ K6' N',(m' - Y~) -Y6 'r
r r vr 6r vr r r

-N'l Y'K'
6 yr
r

The yaw transfer function is

N* 
2

6R Asf 4-EBs + Cs' + D

6R ALat Lat

where

A*' - N,'r(m' - Y';)(I; - X';) +K' r -Y- YS' K'(- I'z - N'')
r 6 v xz r

+ Y I N';(I' - Vi) - N K''Y'' - K' (a' -l ;) i - N;
vx 6 v p 6 ' "

r r r

+ Y ' a' - Y")K' - V + NO- -N'Y'*'+Y'NO K

K'Nv - rVxz p 6r vK+Y N v x p'

- NO K'-Y' NO K Y'; + K; (m' - Y")N' + K' Y'(- I' - N-
6r v 6r r r p
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c Ns' W Y'.)K' + N' Y'K' + K' N'.Y' + auI +z T6 KNp
r r vp r v r p r

+ Y; K,,N Y61 N'; Y; IK' - N' K'.Y' - N' K'T'+ K;('Y.N
rv rv r vp r v r "

-K'1 YIN'
r

D- N61 Y'K + Kj N'Y;.+Yl KIN* YO NtKI -NI KlYv K' YI'i'
rv vrv r rv rv
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APPENDIX C

VERTLrN. FORT

C
REAL A,B,C,D,E
INTEGER NDEG,IER
READ(4,*) WT,XUD,ZtJD,RIY,XL,U
READ(4,*) RMUD,Z2D,XWD,RM2D,RMWD
READ (4, *) XQD, ZUD ,RMi2, ZW, XU , Z
READ (4,*') RIU, X4, X2 ,ZU, RMTHET
READ( 4, *) ZTHETA ,XTHETA, RIW, XDE ,ZDE, RMDE

C2 3456
C

REAL Al(5) ,A2(3) ,A3(4) ,A4(4)
COM1PLEX Zl(4) ,Z2(2) ,Z3(3) ,Z4(3)

C
WRITE(6, 15)

15 FORIIAT(lX,'IN WHAT FORMIAT DO YOU WANT THE ANSWER?',/,
1 ' DIMNJSIONAL WRITE 1',/,
2 ' ONDIIIENSIONAL WRITE 0')
READ(7,20) J
IF (J) 2,2,1

1 WRITE(5,4)
WRITE (6 ,4)

4 FORMAT~lX,'OUTPUT VALUES ARE IN DIMENSIONAL FORM')
GO TO 3

C
C

2 WRITE(5,5)
WRITE (6 ,5)

5 FORMAT(1X,'OUTPUT VALUES ARE IN NONDIMENSIONAL FORM')
3 CON{TINUE
20 FORrIAT(I1)

C
C
C

XLU=XL/U
XLU2=XLU*XLU
XLU3=XLUZ*XLU
XLU4=XLU3*XLU
XLU5=XLU4*XLU

C
C

C

C234567
C2 3456789 112 34567 892 12 3456789312 34567894 12 3456789512 34567896 12 345

1 -XU* (!T-ZWD)*(RIY-RM2D )-XWD*R!1UD*(CZ2+WT )-Rr1U*XWD*ZQD

5 -RrW*(WT-XUD)*Z2D+RMWD*XU*Z2D
C
C

C= -(WT-XUD)*(WT-ZWD)*Rr THET+ZW*(WT-XUD)*Rf1Q+XU*(WT-ZWD)*
1 RM+WX*RYR2)XDRU*TEARUXD(2W)
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VERTLIN .FORT (cont.)

5 XW*ZU*(RIY-Rr12D)-RIWD(WT-XUD*ZTHETA-RMW*(WT-XUD)*
6 (Z2+WT)+RMWD*XU*(Z2+WT)+XU*RiW*Z2D-R11U*XW*Z2D

C
C2 34 567

D= ZWRIHT(TXD+U(TZD*MHTZ*URl-fU
1 XWD*ZTHETA-RMUD*XWI*ZTHETA-RNU*XW*(Z2+WT)-ZUD*RMW*XTHETA
2 -Z*MDXHT-URWX-MU(TZD*TEARU*W
3 XTHETA+ZW*RM1U*X2+ZU*XIWD*tTHETA+ZUD*XW*RNTHET+XW*ZU*RM2
4 -RW(J-U)ZHT+rtD*UZHT+fWX*Z+T

C2 3456789 112 34567892 12 3456789312 34567894 12 3456789512 34567896 12345
C

E= -Z*URTE-M*WZHT-URWXHT+WRUXHT
1 +XW*ZU*RMTHET+XU*RNW*ZTHETA

C
C

IF(J) 22,22,21
21 A=A*XLU4

B = Bv XL U 3
C=C*XLU2
D=D*XLU

C
C
C

22 WRITE(5,50)
W4RITE (6,50)

50 FORNlAT( lX,'COEFFS. OF CHARACTERISTIC E2UATION' .1)
WRITE (5,51)
WRITE (6,51)

51 FORri.T(7X, 'A', 14X, 'B', 14X, 'C', 14X, 'D' ,14X, 'E')
WRITE(5, 100)A,B,C,D,E
WRITE(6,100)A,B,C,D,E

100 FORNlAT( 1X,5ET4.6,/J
NDEG=4
A 1(l)=A
A 1(2) =B
A 1(3) =C
Al (4)=D
A1(5) =E

C
C

CALL ZPOLR(Al1,KDEG,Z1 ,IER)
C23t456789
C
C

tJRITE( 5,200)
WRITE( 6,2001

200 FORNAT( iX, 'ROOTS OF CHARACTERISTIC E2UATION' ,/)
WRITE(5, 205)
WRITE (6,205)

205 FORMATC1OX,'REAL',11X,'IIAGINARY')
C

WRlTE(5,201) ZI
WRITE(6,201) ZI

-201 FORrIAT(lX,2Fl6.6,//)
C
C
C PITCH RESPONSE TRANSFER FUNCTION NUMIERATOR POLYNOMIAL
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C VERTLIN.FORT (cont.)

C
ATHETA = E(TXD)(TZD+DEXDRU+XEZDRW

C
C234567

BTHETA -RD*=-U)Z RD*U(TZW)ZEXDRU
1 ZD*WRU+D IU*MWXEZ*M-MEXDZ
2 -RD*WZDXE(TZD*M-D*WRU
3 -ZDE*RRMWD*XU+ZDE*RflW*(WT-XUD)

C
C

CTHETA = RMEX*WZEXJRI+XEZ*lWRD*WZ
1 -XDE*ZW*RMU-ZDE*RMW*XU

C2 345 678
C

IF('J) 32,32,31
31 ATHETA =ATHETA*XLU2

ETHETA =BTHETA*XLU
C
C

32 WRITE(5,52)
WRITE(C6,52)

52 FORIIAT( iX, 'PITCH POLYNOMIAL COEFFICIENTS"/)
WRITEC 5,53)
WRITE(C6,53)

53 FORIIAT(7X,'ATHETA',9X,'BTHETA',9X,'CTHETA')
WRITECS, 100) ATHETA,BTHETA,CTHETA
WRITE(6,100) ATHETABTHETA,CTHETA

C
NDEG=2
A2( 1)=ATHETA
A2 (2) =BTHETA
AZ C3)=CTHETA

C
C

CALL ZPOLR(A2,NDEG,Z2,IER)
C
C

WRITE (5,54)
WRITEC 6,54)

54 FOPMATC1X,'ROOTS')
WRITE (5,205)
WRITE(6 ,205)
WRITE(5,201) Z2
WRITEC6,201) Z2

C
~C VERTICAL VELOCITY TRANSFER FUNCTION NUMERATOR POLYNOMIAL
C

AW = ZD*W-U)(I-mD+D*MU*Q+MEZDXDZERU
1 *XDXEZD(I-M2)ME(TXD*2

C234567
C

BW = -ZE(TXD*M-D*U(IYR2)XERUZDXERU
1 *(2W)MEZDX+rD*U*2-D*MDX-D*M*2
2 -XDE*ZUD*R12+XDE*ZUC CRIY-RNQD )+RMDE*(WT-XUD )*(Z2+WT)
3 -RMDE'*XU*ZgD

C2 3456789 112 34567 892 12 3456789312 34567894 12 34567895 12 34S67896 12 345
CW = -ZE(TXD*MHTZEX*M+D*ilDZHT+D*M
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VERTLIN FORT (cont.)

1 *(ZQ+WT)+RMDE*ZUD*XTHETA+RMDE*ZU*Z2-ZDE*RNUD*XTHETA
2 -ZERUX-D*U*MHTXEZ*M+ME(TXD

C 3 *ZTHETA-RNIDE*XU*(Z2+WT)
C

C

C
C

IF(J) 42,42,41
41 AtWhAW*XLU3

BU=BW*XLU2
C W=CW*X LU

C
C

42 WRITE(5,105)
WRITE(6, 105)

105 FORNAT( iX, 'VERTICAL VELOCITY COEFFICIENTS',/)
WRITE(5, 106)
WRITE(6, 106)

106 FORrAT(7X,'AW',9X,'BW',9X,'CW',9X,'DW')
WRITE(5,100) AW,BW,CW,Dt4
WRITE(6,100) AW,BW,CW,DW

C
C

I{DEG=3
A3( fl=AW
A3( 2 )=BW
A3( 3) =CW
A3 (4)=DW

C
C

CALL ZPOLR( A3 , DEG ,Z3,IER)
C
C

WRITE( 5,202)
WRITE( 6,202)

202 FORMAT(1X,'ROOTS')
WRITECS, 205)
WRITE (6,205)
WRITE(5,201) Z3
WRITE(6,201) Z3

C
C
C23456789

AU = XDE*(WT-ZWD)*(RIY-R?12D)+RNDE*XWD*Z2D+ZDE*RlWD*X2D+RMDE*
1 (WT-ZWD)*X2D+ZDE*XWD*(RIY-R1QD)-XDE*RMWD*Z2D

C

BU =-XDE* (WT-ZWD ) *Rr1-XDE ( RIY-RNQD )*ZW+RMDE*XWD ( Z2-+WT)
I +RMDE*XW*Z2D+ZDE*RMWD*X2+ZDE*RMW*X2D+RMDE*(WT-ZWD)*X2

3 *(Z2+WT)-XDE*RNlW*Z2D
C
C
c

CU = XE(TZD*MHTXEZ*R2RD*W*TEARD*W
1 (Z2+WT)+ZDE*RMWD*XTHETA+ZDE*RMW*xQ+RNDE*(WT-ZWD)*XTHETA
2 -RD*WX-D*W*MHTZEX*M-D*MDZHT
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VERTLIN FORT (cont.)

3 -XDE*RMW*CZ2+WT)
C

DU =XDE*ZW*RMTHET+RMDE*XW*ZTHETA+ZDE*RMW*XTHETA
1 - RrIDE*ZW*XTHETA-ZDE*XW*Rr1THET-XDE*RNW*ZTHETA

C

C
IFCJ) 62,62,61

61 AU = AU'*XLU3
BU = BU*XLUZ
CU =CU*XLU

C
C

62 WRITE(5,60)
WRITE( 6,60)

60 FORrIAT( iX, 'FORWARD SPEED POLYNOMIAL COEFFICIENTS' ,/)
WRITE(5,70)
WRITE (6,70)

70 FORrIAT(7X, 'AU', 1 X, 'BJ' ,I1IX, 'CU', 1 X, 'DU')
WRITE(5, 100) AU,BU,CU,DU
WRITE(6, 100) AU,BLI,CU,DU

C
C

NDEG=3
A4( 1)=AU
AL4(2) =BU
A4 (3)=CU
A4(4t)=DU

C
C

CALL ZPOLR(A4,XDEG,Z4,IER)
C
C

WRITE C5,202)
WRITE(C6,202)
WRITEC 5,205)
WRITE(C6,205)
WRITE(S,201) Z4
WRITE(6,201) Z~4

C
C

STOP
END
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HORLINJFORT

C
REAL A,B,C,D,E
INTEGER NDEG,IER
READ (4,*~)WT, RIX, RIY, RIZ ,XL, U
READ(4,*)YV,YR,YPHI,YV!D,YPD,YRD,YDR,YP
READ (4,*~) RKV ,RKP, RKR, RKPHI, RKVD, RKPD, RKRD ,RKDR
READ (4, * )RNV, RNR, RNVD ,RNRD ,RNDR, RNPD, RNP, RNPHI
REAL A 1(5) ,A3 (3) ,A2 (4) ,A4 (4)
COMPLEX Z 1(4), Z3( 2), Z2 (3), Z4( 3)
WRITE(6, 15)

15 FORMAT(1X,'IN WHAT FORMAT DO YOU WANT THE ANSWER?',/,
1' DIMENSIONAL WRITE 1',,
2' MONDIMENSIONAL WRITE 0')
READ (7,20) J
IF CJ )2 ,2,11

1 WRITE(5,4)
WRITE(C6 ,4)

4 FORMAT(1X,'OUTPUT VALUES ARE IN DIMENSIONAL FORM')
GO TO 3

2 WRITE(5,5)
WRITE(C6 ,5)

5 FORrIAT(lX,'OUTPUT VALUES ARE IN NONDIMENSIONAL FORM')
3 CONTINUE

20 FORMAT(I1)
C
C

XLU =XL/U

XLU2 =XLU*XLU

XLU3 =XLU2*XLU

XLU4 =XLU3*XLU

XLU5 =XLU4*XLU

C
C

A=(WT-YVD)*(RIZ-RNRD)*(RIX-RKPD) + RNVD*C-RKRD)*YPD
1 +YDRV*-MD-KDYD(I-KD-KD(I-MD*P
2 -(WT--YVD)*(-RNPD ) *(-RKRD)

C
C

B = -(WT-YVD)*CRIZ-RNRD)*RKP - RNR*(WT-YVD)*(RIX-RKPD)
1 -Y*RZRR)(I-KD+HV*-KD*PRV*K*P
2 +RNV*(-RKRD)*YPD -YRD*RKVD*RNP +YRD*RKV*(-RNPD)
3 -(WT-YR)*RKVD*(-RNPD) + RNVD*YRD*RKP + RNVD*(WT-YR)*CRIX-RKPD)
4 -RNV*YRD*(RIX-RKPD) - RKVD*(RIZ-RNRD)*YP +RV*H*PD(I-MD
5 *RKV*jP
6 +(WT-YVD)*(-RKRD)*RNP + (WT-YVD)*RKR*C-RNPD)
7 + YV*(-RKRD)*(-RNPD)

C
C
C

C =RNR*(WT-YVD)*RKP -(WT-YVD)*(RIZ-RNRD)*RKPHI+YV*(RIZ-RRD)*R<P
1 +RNR*YV*(RIX-RFKPD)+RNVD*(-RKRD)*YPHI-RHVD*RKR*YP +RMV*(-RKRD)
2 *Y -RNV*RKR*YPD -YRD*RKVD*RMPHI -YRD*RKV*RNP +(WT-YR)*RKVD*RNP
3 - (WT-YR)*RKV*(-RHPD) + RNVD*YRD*RKPHI - RNVD*(WT-YR)*RKP+
4 R?{V*YRD*RKP + RHV*(WT-YR)*(RIX-RKPD) - RKVD*(RIZ-RMRD)*YPHI+
5 RKVD*RKR*YP - (RIZ-RNRD)*RKV*YP +RKV*RHR*YPD +(W.TYVD)*(-RKRD)
6 *RNPHI -(WT-YVD)*RKR*RNP - YV*(-RKRD)*RNP - RKR*YV*(-RNPD)
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HORLIN .FORT (cont.)

C
C

D = RMR*(WT-YVD)cR!<PHI + YV*(RIZ-RNRD)*RKPHI - RMR*YV*RKP
1 -RHVD*RKR*YPHI + RHV*(-RKRD)*YPHI - RMV*RKR*YP - YRD*RKV*RMPHI
2 +(WT-YR)*RKVD*RXPHI + (WT-YR)*RKV*RMP -RNVD*(WT-YR)*RKPHI+
3 RHV*YRD*RKPHI -RNV*(WT-YR)*RKP +RKVD*RNR*YPHI
4 - (RIZ-RMRD)*RKV*YPHI + RKV*RMR*YP - (WT-YVD)*RKR*RMPHI-
5 YV*(-RKRD)*RNPHI + RKR*YV*RMP
E = RNR*YV*RKPHI - RMV*RKR*YPHI + (WT-YR)*RKV*RMPHI
1 -RMV*(WT-YR)*RKPHI + RKV*RMR*YPHI + RKR*YV*M1PHI
IFCJ) 22,22,21

21 A =A*XLUS
B B*XLU4
C =C*XLU3

D =D*XLU2
E E*XLU

C
C
22 WRITE(5,50)

WRITE(C6,50)
50 FORrIAT(1X,'COEFFS. OF CHARACTERISTIC E2UATIOM',/)

WRITE C5, 51)
WRITE (6,51)

51 FORMIAT C7X, 'A', 14X, '3', 14X, 'C', 14X, 'D' ,1 4X, 'E')
WRITE(6, 100) AB,C,D,E
WRITE(5,100) AB,C,D,E

100 FORMAT (1X,5E14.6,/)
I{DEG =4

Al(l) A
A1(2) =B

A1(3) =C

A1(4) =D
A1(5) =E

CALL ZPOLR(A1 ,XDEG,Z1 ,IER)
WRITEC 5,200)
WRITEC 6,200)

200 FOR!IAT( lX,'ROOTS OF CHARACTERISTIC E2UATIOM',I)
WRITE (5,205)
WRITE(C6,205)

205 FORMIATC1OX,'REAL',IIX,'IMAGINARY')
WRITE(5,201 )ZI
WRITE(6, 201 )Z1

201 FORM1AT( 1X,2Fl6.6,//)
C
C
C

ABETA = YDR*(RIZ-R{RD)*(RIX-RKPD) - RNDR*(-RKRD)*YPD
1 - RKDR*YRD*(-RNPD) + RI{DR*YRDIC(RIX-RKPD)
2 + RKDRIC(RIZ-RNRD)*YPD -YDR*(-RKRD)*(-RNPD)

C
C
C

EBETA = -YDRIC(RIZ-RNRD)*RKP - YDR*RNR*(RIX-RKPD)
1 -RNDR*(-RKRD)*~YP + RNDR*RKR*YPD + RKDR*YRD*RMP
2 + R!DR*(WT-YR)*(-RMPD) -RI{DR*YRD*RKP
3 - (WT-YR)*RNDR*(RIX-RKPD) + RKDR*(RIZ-RMRD)*YP
4 - RKDR*RNR*YPD + YflR*(-RKRD)*R{P + YDR*RKR*(-RMPD)

C
C
C
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HORLIN.FORT rcont.)

CEETA = -YDR*(RIZ-RMRD)RPHI + YDR*RHR*RKP
1 -RJMDR*(-RKRD)*YPHI +RXDR*RKR*YP + RKDR*YRD*RNPHI
2 -RKDR*(WT-YR)*R{P - RXDR*YRD*RKPHI + (WT-YR)*RHDR*RKP
3 +RKDR*(RIZ-RHRD)*YPHI - RNR*RKDR*YP + YDR*(-RKRD)*RHPHI
4 -YDR*RKR*RNP

C2 34567 89
C
C

DBETA = YDR*RNR*RKPHI + RNDR*RKR*YPHI -RKDR*(WT-YR)*RXPHI

1 + (WT-YR)*RHDR*RKPHI -RHR*RKDR*YPHI -YDR*RIKR*RHPHI

IF(J)32,32,31
31 ABETA =ABETA*XLU4*U

BBETA B BETA*XLU3*U
CEETA CBETA*XLU2*U
DBETA DBETA*XLU*U

32 WRITEC5,52)
WRITE C6,52)

52 FORMAT( lX,'SIDESLIP POLYNOM0IAL COEFFS.',/)
WRITE (5,53)
WP.ITE( 6,53)

53 FORMAT(7X, 'ABETA' ,9X, 'BEETA' ,8X,'CEETA' ,gX,'DEETA')
WRITE(S,100)ABETA,BBETA,CBETA,DBETA
WRITE(6,100)ABETA,BBETACBETA,DBETA
NDEG =3

A2(1) ABETA
A2(2) B BETA
A2(3) =CEETA

A2(4) =DBETA

CALL ZPOLR(A2,NDEG,Z2,IER)
WRITE(C5,54)
WRITE(C6,54)

54 FORrIAT(lX,'ROOTS')
WRITE(5, 205)
WJRITEC 6,205)
WRITE C5,201 )Z2
WRITE(6,201)Z2

C
C
C

APHI = RKDR'l (WT-YVD)*(RIZ-RXRD) -YDR*R?{VD*C-RKRD)

1 + RNDR*RKVD*YRD - RIDR*RHVD*YRD + YDR*RKVD*CRIZ-R{RD)
2 -RHDR*(WT-YVD)*(-RKRD)

C
C
C

EPHI =-RKDR*CWT-YVD)*RHR - RKDR*YV*(RIZ-RHRD)
1 + YDR*RMVD*RKR - YDR*RNV*(-RKRD) - RJMDR*RKVD*(WT-YR)
2 +RMDR*RKV*YRD + RKDR*RNVD*(WT-YR) - RKDR*RNV*YRD
3 - YDR*RKVD*RNR + YDR*RKV*(RIZ-RHRD) + RMDR*(WT-YVD)*RKR
4 + RNDR*YV*C-RKRD)

C
C
C

CPHI= RKDR*YV*RNR + YDR*RMV*RKR - RNDR*RKV*(WT-YR)
1 + RKDR*RNV*CWT-YR) - YDR*RKV*RNR -RNDR'*YV*RKR
I(J ) 42,42,41

41 APHI =APHI*XLU3

BPHI =BPHI*XLU2

CPHI =CPHI*XLU
C
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HORLIN .FORT (cont.)

C
42 WRITEC5,105)

WRITE(6, 105)
105 FORtIAT(lX,'ROLL POLYNOMIIAL COEFFS.',/)

WRITE(5, 106)
WRITE(6, 106)

106 F0RIIAT(7X, 'APHI' ,1 aX, 'EPHI' ,.llX, 'CPHI')
WRITE(5,100)APHI,BPHI,CPHI
WRITE(6,100)APHI,BPHI,CPHI

C
C
C

NDEG 2
A3(1) =APHI
A3(2) = PHT
A3(3) =CPHI
CALL ZPOLR(A3,NDEG,Z3,IER)
WRITE(5,202)
WRITEC 6,202)

202 FORIIAT(lX,'ROOTS')
WRITECS, 205)
WRITE(C6,205)
WRITE(5,20 1)Z3
1P.ITE(6,201 )Z3

C
C

APSI = RMDRI*(WT-YVD)*(RIX-RKPD) + RKDR*RNVD*YPD
1 - YDR*RKVD*(-RHPD) + YDR*RHVD*(RIX-RKPD)
2 - RNDR*RKVD*YPD - RKDR*(WT-YVD)*(-RMPD)

C
C
C

BPSI = -RKDR*(WT-YVD)*RKP - PKD~RYV*CPIX-RKPD)
1 + RgDR*RMVD*YP +RKDR*RMV*YPD +YDR*RKVD*RKP
2 -YDR*RKV*(-RMPD) - YDR*RNVD*RKP +YDR*RNV*(RIX-RKPD)
3 - RMDRICRKVD*YP - RNDR*RKV*YPD + RKDR*(WT-YVD)*R{P
4 + RKDR*YV*(-RNPD)

C
C
C

CPSI = -RMDR*(WT-YVD)*RKPHI + RMDR*YV*RKP +RKDR*RNVD*YPHI
1 + RKDR*RMV*YP +YDR*RKVD*RMPHI +YDR*RKV*1 RMP - YDR*RHVD*RKPHI:
2 - YDR*RXV*RKP - kHDRI*RKVD*YPHI - RHDR*RKV*YP
3 + RKDR*(t4T-YVD)*RXPHI - RKDRXYV*RHP

C
C
C

DPSI = RNDR*YV*RKPHI + RKDR*RNV*YPHI + YDR*RI<V*RXPHI
1 - YDR*RMV*RKPHI - RXDR*RKV*YPHI - RKDR*YV*RHPHI
IF(J) 62,62,61

61 APSI =APSIICXLU3
BPSI BPSIICXLU2
CPSI =CPSI*XLU

62 WRITE(5,60)
WRITE(C6,60)

60 FORTIAT(lX,'YAW POLYNOMIAL COEFFS.',/)
WRITE(5,70)
WRITEC 6,70)

70 FORMAT(7X, 'APSI' ,liX, 'EPSI' ,l1X, 'CPSI' ,lX, 'DPSI')
WRITE(5,100)APSI,BPSI,CPSI,DPSI
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HORLIN .FORT (cont.)

IJRITE(6, 100)APSI,BPSICPSI,DPSI
?{DEG =3
A4(l) =APSI

A4(2) B PSI
A4(3) =CPSI
A'4(4) =DPSI

CALL ZPOLR(A4,RDEG,Z4+,IER)
14RITE( 5,202)
WRITE( 6,202)
WRITE(5, 205)
WRITE( 6,205)
WRITE(5,20 1)Z4
WRITE( 6,201 )Z4
STOP
END
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APPENDIX D

AXIAL FORCE

ma vr + wq- x (q32 + r + y (pq- .z G (PT+q]

+ L X -q 2 + Xrr' + Xrp rp]

2 u vrw wq]

+-" Z 2u [X 6 r 6 6r+ X 6 s 6s' +X6b6b' 6b']

t2[a u +b. uu + c i ]

- (W - B) sin e

-- Xvv7' v +Xw ' w + X66rrl r

+ X s6s 6 s2 ] (?-1)
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LATERAL FORCE

Tn - wp + ur y.~ (r 2 + pa) + z G (qr - )+ xG .(qp + r

2~e L' Yr +Y I PINj P I+ pq1  P + q qr ]

+._L 1,3[Y-'+Y qlvq+Y twp+Y ytwr]

~~~p~u +~{'rY UPYii a~ir 6r + Yii ,(vaw)2t]

+ pA Ly [*' u2 + Y I1 uv + Y,1 ijv l(v + W2) aI]

r y U 6

Lyv2 ~~[vI+YvII(2w)+Yrjr 6 r(7'
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NORMAL FORCE

+ 2 L'[1.z + z f+Z r 2+.Z rpl
zpp r

+- 3 + Z YT + Z YVP
z. yr vp

+± LZ13w~~+ww 2w~v +w2)azl
K q Z~u uqwI + Zl's jw wlil wv +v w2) q]

t2 2 + Z 'u
2  +Z~b nI~ 2 W 2z

+ (W -B) cos 8 cos 4

+ L3  uq (77-1)

t,2 [z, uw+ Z w(V* + W2)ZI + Z U
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ROLLING MOMENT

I ,+ ( I y qr+ 0; + pq) Ix' + (r - q2) I y. + (p~r -q)f I xy

+ m [YG ( ' - uq +vp) - ZG (v - +p + ur)

p +K' + r qr'.q pq pq"+ X p lp lI1

+ 1, [Kp' p + K I ur + K, ' ;
2 pq1q+pj ppi
p r

SLKvq+ + wp wr ]
- [iK*' .2 + K ' uv +K VV' v(v2 +w2)'l!

.3 K- K 'vw + U2 r

+ (YG W - YB B) cos e cos # - (zoW- zBB) cos e sin ]

K, ' u2(-I)
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PITCHING MOMENT

I~ -I I z) rp -(j +qr) IY +(W 2 - r 2 ) kx + (qp -r)1

+ m [Z G (vi r + wq) - x G (wv - uq + vp)]

+..L e'M:v4M Ir+M vp]vp

+-L Mq uq + MqjU ulq]6s + M~~jv ) Iqj

+{ 3[M4, U2+ M 1uw + Mw j(V2 + W)]

+-a 1.C 1 glwi + M ww 1w (V"+ W')~

+-~ ?[m vvI v 2 +M 6s 61 + M6 b' u2 -6b]

*(xGW xB B) cos 0cos -(zG W-z BBz)sine
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YAWING MOMENT

+r L [G YG - p+r + wq) J

+t. £[N*Iv+N 'wr+N lp~w+N I vq]

+- eiNpP+Nrtlr+N r~rIIrI6r + Nl~l,' j(va +W2)2Irl

+ [N* I U 2 + Nv' uv + N 1v I, I(V2 + W2)I

+- A 3 [NW lvw+N 6 ~ ua6r]

+ (xG W - xB B) cos 69 sI'i + (YG W -YB B) sin 0

2 r77

+ L N uv +N 1 v(V 2 + W2 ) ~+N~ 6 r U
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KINEMATIC RELATIONS

TJ2 U2 + %,2 + W2

=o -u sin6 + v coo e sin 0 + w co Cos 0

= p+V sine

Cos 0

rI r+ sin 0
Cos Gcoso0
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